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For 1 k n 1, positive solutions are obtained for the boundary value
problem
Ž .nk Ž n.1 y   f x , y , x 0, 1Ž . Ž . Ž .
yŽ i. 0  0, 0 i k 1,Ž .
yŽ j. 1  0, 0 j n k 1,Ž .
Ž .where f x, y M, and M is a positive constant. We show the existence of
positive solutions by using a fixed point theorem in cones.  2000 Academic Press
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1. INTRODUCTION
Let 1 k n 1 be fixed. In this paper, we establish the existence of
Ž .positive solutions for the k, n k conjugate boundary value problem
Ž .nk Žn.1 y   f x , y , x 0, 1 1Ž . Ž . Ž . Ž .
y Ž i. 0  0, 0 i k 1,Ž .
2Ž .
y Ž j. 1  0, 0 j n k 1,Ž .
1 Ž .This paper is supported by the Natural Science Foundation of China 19801028 .
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 	  .where f : 0, 1  0,  R is continuous and satisfies
Ž .A there exists M 0 such that1
 	 f x , y M , for x , y  0, 1  0, 3Ž . Ž . Ž ..
Ž .A let2
f x , yŽ .
lim   4Ž .
yy
 	 Ž .uniformly on  ,  
 0, 1 , where  
Ž .A let3
 	f x , 0  0, for x 0, 1 .Ž .
Ž .Remark 1. It is easy to see that if A holds, then there exist two3
Ž .constants a, b 0, , such that
 	  	f x , y  b for x , y  0, 1  0, a .Ž . Ž .
Higher order boundary value problems for ordinary differential equa-
 	tions arise naturally in technical applications 35, 8, 9, 1114 . So far
higher order boundary value problems are not documented as well as
 	second order problems. Very recently, Anuradha et al. 1 studied the
existence of positive solutions for second order ordinary differential equa-
Ž . Ž .tion boundary value problems under the conditions A and A when1 2
 0 is small enough. Motivated by their work, we consider the nth order
Ž . Ž .conjugate boundary value problem 1  2 . We use a fixed point theorem
of cone expansioncompression type which allows us to establish not only
existence of positive solutions, but also multiplicity of positive solutions.
We note that several existence results on the positive solutions of higher
order conjugate boundary value problems have been established by several
 	authors 4, 5, 12 . The key condition they used was that the nonlinearity is
nonnegative. In the case n 2, if the nonlinearity is nonnegative, then the
solution u is concave down; if the nonlinearity f is negative somewhere,
then the solution u is no longer concave down. In the case n 2, the
Ž . Ž .solutions of 1  2 generally don’t possess the concavity in any case.
The main results of this paper are the following
Ž . Ž . Ž . Ž .THEOREM 1. Assume A and A hold. Then the problem 1  2 has1 2
at least one positie solution if  0 is small enough.
Ž . Ž . Ž .THEOREM 2. Assume A , A , and A hold. Then the problem1 2 3
Ž . Ž .1  2 has at least two positie solutions if  0 is small enough.
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The proof of the above theorems is based upon an application of the
 	following well-known Krasnoselskii fixed point theorem 10, 15 .
THEOREM 3. Let E be a Banach space, and let K
 E be a cone. Assume
 ,  are bounded open subsets of E with 0 ,  
 , and let1 2 1 1 2
A : K    KŽ .2 1
be a completely continuous operator such that either
Ž .        i Au  u , u K  , and Au  u , u K  ; or1 2
Ž .        ii Au  u , u K  , and Au  u , u K  .1 2
Ž .Then A has a fixed point in K   .2 1
2. THE PRELIMINARY LEMMAS
Ž .LEMMA 1. Let G x, s be the Green’s function for
Ž .nk Žn.1 y  0, x 0, 1 5Ž . Ž . Ž .
y Ž i. 0  0, 0 i k 1,Ž .
6Ž .
y Ž j. 1  0, 0 j n k 1.Ž .
Ž .nk Ž . Ž . Ž .Then 1 G x, s  0 on 0, 1  0, 1 .
 	Proof. See 2, 5 .
Žn. 	 Ž .Žnk . Žn.Ž .LEMMA 2. Let y C 0, 1 and 1 y x  0. Assume in addi-
Ž .tion that y satisfies the boundary conditions 2 . Then
1 Žn.y x  G x , s y s ds 7Ž . Ž . Ž . Ž .H
0
y x  0, on 0, 1 . 8Ž . Ž . Ž .
 	Proof. See 2 .
Žn. 	 Ž . Ž .Žnk . Žn.Ž .LEMMA 3. Let n 2, let y C 0, 1 satisfy 2 , and 1 y x
 0. Then
 y x  y q x , 9Ž . Ž . Ž .
where
Ž .nkkq x min x , 1 x 10Ž . Ž . Ž . 4
   Ž . and y max y x .x0, 1	
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 	Proof. See 5, pp. 140141 .
LEMMA 4. The conjugate boundary alue problem
Ž .nk Žn.1 y  1, x 0, 1 11Ž . Ž . Ž .
y Ž i. 0  0, 0 i k 1,Ž .
12Ž .
y Ž j. 1  0, 0 j n k 1Ž .
has a solution
1 Ž .nkkw x  x 1 x . 13Ž . Ž . Ž .kk! n k !CŽ . n
Moreoer,
w x  q x , 14Ž . Ž . Ž .
Ž . kwhere  1k! n k !C .n
Proof. Let 	 be the unique solution of the equation0
Ž .nkkx  1 x .Ž .
Ž .Then for x 0, 	 ,0
Ž .nkk kw x  x 1 x  x  q x .Ž . Ž . Ž .
Ž .For t 0, 	 ,0
Ž . Ž .nk nkkw x  x 1 x   1 x  q x .Ž . Ž . Ž . Ž .
3. PROOF OF THE THEOREMS
Proof of Theorem 1. Let
z Mw , 15Ž .
Ž . Ž . Ž .where w is defined by 13 . Then 1  2 has a positive solution y if and
only if y z y is a solution of˜
Ž .nk Žn.1 y x  g x , y z 16Ž . Ž . Ž . Ž .
y Ž i. 0  0, 0 i k 1,Ž .
17Ž .
y Ž j. 1  0, 0 j n k 1Ž .
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Ž .  	 and y z for t 0, 1 , where g : 0, 1  R R is defined by˜
 	 f x , y M , 0, 1  0,Ž . .
g x , y  18Ž . Ž .½  	f x , 0 M , 0, 1  , 0 .Ž . Ž .
Let
  	K y  y C 0, 1 , y y q x , 19 4Ž . Ž .
Ž . Ž .where q x is defined by 10 . For   K , denote A by the unique
solution of
Ž .nk Žn.1 y x  g x ,   z 20Ž . Ž . Ž . Ž .
y Ž i. 0  0, 0 i k 1,Ž .
21Ž .
y Ž j. 1  0, 0 j n k 1.Ž .
Then
1 Ž .nkA x   G x , s 1 g s,  s  z s ds. 22Ž . Ž . Ž . Ž . Ž . Ž .Ž .H
0
Ž .By Lemma 3, we know that A K 
 K.
Let
 0, 
 23Ž . Ž .
be fixed, where
1 1

min , , 24Ž .Ž .nk½ 51 MM H G 	 s , s 1 dsŽ . Ž .Ž .1 0
where
M max g x , y  0 x 1, 0 y 2 25 4Ž . Ž .1
Ž .and 	 s satisfies
Ž . Ž .nk nk1 G 	 s , s  max 1 G x , s . 26Ž . Ž . Ž . Ž . Ž .Ž .
0x1
  	   4Choose   y C 0, 1  y  2 . Then for y K  , we have1 1
Ž . Ž .from 25 and 26 that
1 Ž .nkAy x   G x , s 1 g s, y s  z s dsŽ . Ž . Ž . Ž . Ž .Ž .H
0
1 Ž .nk M G x , s 1 dsŽ . Ž .H1
0
1 Ž .nk M G 	 s , s 1 dsŽ . Ž .Ž .H1
0
 1 2. 27Ž .
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Therefore,
   Ay  y , y K  .1
Now set
 min q s . 28Ž . Ž .
s
Choose real number N 0, such that
N   Ž .nkG , s 1 ds 1. 29Ž . Ž .H ž /2 2
1Choose R 2, such that if h R , then2
g x , hŽ .  	N , for x  ,  30Ž .
h
and
M 1
1  . 31Ž .
2R
Let
  	  y C 0, 1  y  R . 32Ž . 42
Then for u K  , we have that2
y s MŽ .
z s  Mw s  Mq s  M  y s . 33Ž . Ž . Ž . Ž . Ž .
 y R
Thus
M
y s  z s  1 y s . 34Ž . Ž . Ž . Ž .ž /R
Ž . Ž .Combining 34 with 31 and using Lemma 4, it concludes that
1 1 1
   	y s  z s  y s  y q s  R , s  ,  . 35Ž . Ž . Ž . Ž . Ž .
2 2 2
Ž .This together with 30 implies
R
 	g x , y z N y z N , s  ,  . 36Ž . Ž . Ž .
2
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Ž .Thus from 29 we get
   1 Ž .nkAy   G , s 1 g s, y s  z s dsŽ . Ž . Ž .Ž .Hž / ž /2 20
  NR Ž .nk  G , s 1 dsŽ .H ž /2 2
  R y , 37Ž .
for u K  . Therefore, it follows from the first part of Theorem 32
Ž .that A has a fixed point y in K   , such that˜ 2 1
 2 y  R . 38Ž .˜
Ž . Ž . Ž .Moreover, by combining 38 with 23 and 24 and using Lemma 3 and
Lemma 4, we know that
 y y q x  2 q x  2Mq x  2Mw x  2 z x ,Ž . Ž . Ž . Ž . Ž .˜ ˜
x 0, 1 39Ž . Ž .
So
1
y y z y 40Ž .˜ ˜
2
Ž . Ž .is a positive solution of 1  2 .
Ž . Ž . Ž .Proof of Theorem 2. From 40 we can see that 1  2 has a positive
solution y satisfying1
1
   y  y  1. 41Ž .˜1 2
Ž . Ž .To find the second positive solution of 1  2 , we set
 	  	f x , y , for x , y  0, 1  0, aŽ . Ž .
f * x , y  42Ž . Ž .½  	f x , a , for x , y  0, 1  a, .Ž . Ž . .
Ž . Ž .  	  .Then f * x, y  b for x, y  0, 1  0, , where a, b are given in
Remark 1.
Now, we consider the auxiliary equation
Ž .nk Žn.1 y   f * x , y , x 0, 1 43Ž . Ž . Ž . Ž .
with the boundary conditions
y Ž i. 0  0, 0 i k 1,Ž .
44Ž .
y Ž j. 1  0, 0 j n k 1.Ž .
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Ž . Ž .It is easy to check that 43  44 is equivalent to the fixed point equation
y Fy , 45Ž .
where
1 Ž .nkFy x   G x , s 1 f * s, y s ds. 46Ž . Ž . Ž . Ž . Ž .Ž .H
0
Ž .It is easy to check that F : K K is completely continuous and F K 
 K.
Set
 4Hmin 0.9, a , 47Ž .
and
H

 min , 
 48Ž .1 Ž .nk½ 51M H G 	 s , s 1 dsŽ . Ž .Ž .2 0
and fix
 0, 
 , 49Ž . Ž .1
where
M max f * x , y  0 x 1, 0 yH . 50 4Ž . Ž .2
  	   4Choose   y C 0, 1  y H . Then for y K  , we have3 3
that
1 Ž .nkFy x   G x , s 1 f * s, y s dsŽ . Ž . Ž . Ž .Ž .H
0
1 Ž .nk M G x , s 1 dsŽ . Ž .H2
0
1 Ž .nk M G 	 s , s 1 dsŽ . Ž .Ž .H2
0
H . 51Ž .
Therefore,
   Fy  y , y K  . 52Ž .3
Ž .From A we know that3
f * x , yŽ .
lim  53Ž .
 yy0
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 	uniformly on 0, 1 . This means that there exists a constant r : rH, such
Ž . Ž .  	  	that f * x, y   y for x, y  0, 1  0, r , where
  Ž .nk
 G , s 1 ds 1. 54Ž . Ž .H ž /2
  Ž . Ž .Then for y K and y  r, we have from 28 and 54 that
   1 Ž .nkFy   G , s 1 f * s, y s dsŽ . Ž .Ž .Hž / ž /2 20
  Ž .nk  G , s 1  y s dsŽ . Ž .H ž /2
  Ž .nk    G , s 1  y q s dsŽ . Ž .H ž /2
  Ž .nk    G , s 1 y dsŽ .H ž /2
  r y . 55Ž .
  	   4Thus, we may let   y C 0, 1  y  r so that4
   Fy  y , y K  . 56Ž .4
Ž . Ž .By the second part of Theorem 3, it follows that 43  44 has a positive
solution y satisfying2
 r y H . 57Ž .2
Ž . Ž .Combining this with 42 and 47 , it concludes that y is also a solution of2
Ž . Ž .1  2 .
Ž . Ž . Ž . Ž . Ž .From 47 , 41 , and 48 , we know that 1  2 has two distinct positive
Ž .solutions y and y for  0, 
 .1 2 1
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